We constructed a simple cosmological model which approximates the Einstein-de Sitter background with periodically distributed dust inhomogeneities. By taking the metric as a power series up to the third order in some perturbative parameter λ, we are able to achieve large values of the density contrast. With a metric explicitly given, many model properties can be calculated in a straightforward way which is interesting in the context of the current discussion concerning the averaging of the inhomogeneities and their backreaction in cosmology. Although the Einstein-de Sitter model can be thought as the model average, the light propagation differs from that of the Einstein-de Sitter. The angular diameter distance-redshift relation is affected by the presence of inhomogeneities and depends on the observer's position. The model construction scheme enables some generalizations in the future, so the present work is a step towards more realistic cosmological model described by a relatively simple analytical metric.
Introduction
Inhomogeneous models of the Universe are an important tool of modern cosmology. They are widely used in the face of unsatisfying interpretation of astronomical observations within the framework of standard homogeneous Friedmann-Lemaître cosmological model. The nature of dark energy which explains the accelerated expansion of the Universe in the concordance model is still unknown. Therefore, there arises a question if dark energy is not an artifact of inaccurately founded modeling which ignores possibly significant effect of inhomogeneities [1, 2, 3, 4] .
A recent discussion concerning a qualitative and quantitative influence of inhomogeneously distributed matter on the cosmological parameters of the Universe obtained with optical observations did not bring any coherent answer [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] . This lack of consensus motivates studies of the light propagation in particular cases of inhomogeneous cosmological models. Among exact solutions to the Einstein field equations, models considered in this context are the Lemaître-Tolman models [16, 17, 18] and their generalization, the Szekeres models [19, 20, 21, 22] . These models are studied with matter distributed not only in a single halo cloud but also in various different ways, for example, in onion-like configurations [23, 24, 25] or in layers of walls [26, 27] . Results of these studies can be compared with N-body relativistic simulations in a weak field approximation [22, 24, 25, 28, 29] . Furthermore, exact inhomogeneous models are used for building cosmological models in a Swiss cheese arrangement which allows for light propagation studies in more realistic conditions [30, 31, 32, 33] . Another approach to observations in inhomogeneous cosmologies is based on models constructed as lattices of glued Schwarzschild regions [34] , perturbatively solved point masses [35] or numerically simulated interacting black holes [36] . There are also attempts to study light propagation in more versatile settings of postNewtonian approach to gravitation [37] . Recently, it be-comes possible to analyze optical observations in cosmological models obtained with fully relativistic numerical simulations of space-time [38] .
In our previous paper [39] we constructed within the linear perturbation theory a simple model of the dust inhomogeneities on the Einstein-de Sitter (EdS) background. These inhomogeneities form an infinite, periodic, cubic lattice presented in Fig. 1 . We have chosen such a density distribution because of the following reasons: (i) For the volume much larger than the elementary cell the model becomes homogeneous and isotropic in common sense, so one can expect the Friedmann-Lemaître-Robertson-Walker (FLRW) space-time as the average.
(ii) It satisfies the weak version of the Cosmological Principle, which means that there are no distinguished regions of the universe and each elementary cell looks the same.
(iii) The cosmological numerical simulations often adopt the cubic lattice with periodic boundary conditions, e. g. [40, 41] . Therefore, it is a need for analytical solutions with the same symmetries as tests of the numerical codes.
The main goal of the present paper is to generalize our previous model beyond the first order of the linear perturbation theory so that a larger density contrast is allowed. The scheme presented here is open for further generalizations, so it is a single step towards the realistic inhomogeneous cosmological model. The paper is organized as follows. In Sec. 2 the model details are presented. In Sec. 3 we show some model properties and basic observables. Then, the conclusions follow. We presented in Sec. 2 the approximate metric in the sense, that the resulting energy-momentum tensor is not exactly the dust one. It deviates from the dust solution in the second and the third order by some small, negligible terms. The advantage is that the simple, elementary functions appear in the metric elements. In Appendix, we present the strict dust solution up to second order. In that case, the metric tensor is much more complicated.
The model construction
We assume the metric as a power series in some perturbative parameter λ:
Figure 1: The model isodensity surfaces which form an infinite, periodic lattice.
where g (0) represents the EdS background metric. We adopt the cartesian coordinates 1 {t, x, y, z} in which the background metric reads g
, where the scale factor is a(t) = C t 2/3 and C is a constant. In each order k ≥ 1, we introduce the comoving synchronous gauge, which means that g (k)
µν has the spatial part only: g (k) 00 = 0 and g (k) i0 = 0. This gauge condition guarantee that the vector U µ = (1, 0, 0, 0) is always tangent to the time-like geodesic. The dust particles follow the geodesic motion, so when the universe is filled with the dust, then the four-velocity U µ represents the observer comoving with matter.
For the metric (1) one can calculate the Einstein tensor Gµν (λ). Let assume that the Einstein equations are satisfied. Then, the metric (1) is the model of space-time filled with the matter described by the energy-momentum tensor Tµν(λ) = Gµν(λ)/(8π). Our aim is to find such metric components g µν , for which the tensor Tµν(λ) approximates some physical energy-momentum tensor, in our case the dust one T (dust) µν = ρ Uµ Uν . Let assume further that we may expand Gµν (λ) in a Taylor series
µν . If there exists a similar expansion of the energy-momentum ten-
µν , we can identify the elements
1 From now on, we will use the natural units c = 1, G = 1, and the convention in which Greek letters label the indices which cover the range {0, 1, 2, 3}, while the Latin letters describe the space-like indices {1, 2, 3}
We will analyze the terms T 
Now, in order to find the metric for which Tµν(λ) approximates the dust with a distribution similar to that presented on the Fig. 1 , we impose one symmetry condition. We demand that the metric gµν is invariant under every permutation of the spatial variables {x, y, z}. Then, we can consider a possible decomposition of the metric in a given order which takes the form:
where we used the abbreviations A
. In this setup, to specify the metric in a given order, one should propose six, symmetric in spatial coordinates functions A (k) , . . . , F (k) .
The first order
In the notation introduced above the metric from our previous paper [39] can be recovered by putting the only nonzero function in the first order as:
where t (EdS) 0 = 2/(3H0) = 9.32 Gyr is the age of the EdS universe for the Hubble constant H0 = 70 km/s/Mpc and B is the parameter related to the size of the overdensities. For such a choice one can show that T (1)0 0 = −ρ (1) , where:
and other components of T
(1)µ ν are exactly zero. Since ρ (0) = (4/3) t −2 , up to the first order Tµν(λ) represent an exact dust solution, for which the periodically distributed inhomogeneities have the amplitude decreasing in time.
The second order
To estimate the contribution to the energy-momentum tensor from the higher orders we have to specify the values of the model parameters. We will use the Mpc as a unit of length. Then, in the natural units convention c = 1, the age of the EdS universe is t For the metric of the form (2) the energy-momentum tensor in each order k ≥ 1 has the four types of components:
Each type characterizes by the same structural dependence on the metric functions. For the amplitude λ given above, the maximum over the elementary cell D of the diagonal elements in the second order is max
It is a matter of luck that one can easily get rid of these elements with the help of the A (2) and F (2) as the only nonzero metric functions in the second order, by putting:
After that, |Ω (2)i j |i=j = 0. Unfortunately, it is not possible to find the metric functions made of the simple, elementary functions as these given above, for which all the other energy-momentum components are equal to zero simultaneously. In Appendix, we show the exact solution up to second order. One can observe, that the metric functions are much more complicated there. Nevertheless, after substitution (5) alone, the remaining energymomentum tensor elements in the second order are small at the time t (EdS)
0
: max
To ensure that these values are negligible one can compare them with the third order contribution: max
of trying to get the exact dust solution in the second order we can cancel out the maximal contribution from the third order.
The third order
The structure of the energy-momentum tensor elements in the third order is similar to that of the second order. In the same manner, by introducing the only nonzero metric functions:
one can obtain |Ω (3)i j |i=j = 0. As previously, the remaining values are small: max
The deviation from the dust energy-momentum tensor which comes from the second and third order is smaller than the maximal contribution from the fourth order: max
The procedure of approaching the dust energy-momentum tensor, with the help of the A (k) and F (k) functions, can be continued in the fourth and higher orders until one reaches the second order limit of around 10 −6 . However, the result which we get so far is good enough. The deviation of order 10 −4 that we get at t 
, while the green one -max
energy-momentum tensor elements for the metric functions (3, 5, 6) . One can see that the approximation
is good for a late times t > 3 Gyr. For the small t, the energy-momentum tensor elements other than the density become important and one cannot expect that the space-time metric describes the dust universe there.
For the universe filled with the dust, the total mass within the elementary cell MD(t) should be conserved in time. (see for example [42] ). Once the metric is explicitly given, one can obtain MD(t) by a direct numerical integration:
The result is plotted in Fig. 3 . The mass discrepancy for the times t > 5 Gyr is lower than 0.5%. Therefore, we ensure ourselves that at that times our model approximates well the dust universe with a relatively high amplitude of the overdensities. Moreover, it is evident that the higher order terms in the metric are necessary to achieve this accuracy. In the next section, we will study the basic properties of the model. 3 The model properties
The density distribution
In the calculation of the total density, we will restrict to the fourth order ρ =
The higher orders are more important at early times and give less impact on the total density at the late times. The analytical formula for ρ is the large, but relatively simple expression containing some products of the powers of the trigonometric functions. In Fig. 4 , we show the isodensity surfaces at the time t (EdS) 0 and t = 3 Gyr. Although the time dependence of ρ (k) in each order is different, the shape of the isodensity surfaces does not change much during the time evolution. Following [42] , by introducing the volume of the elementary cell at the hypersurface of a constant time:
we may define the average density ρ D = MD/VD. At the time t 
The Hubble parameter
For the observer located at the time t at xO or xU respectively, we performed the following numerical experiment. With the probability distribution uniform on the unit sphere, we generated ten random directions (θ, φ). For each direction, we generated randomly ten points lying on the curve γ(l) = (t (EdS) 0 , x0 + l sin θ cos φ, y0 + l sin θ sin φ, z0 + l cos θ), where x = (x0, y0, z0) is the observer position. Then, by performing the numerical integration we obtain the distance d( l) to each point:
The integration kernel is the explicit function of time since the metric elements depend on t. By taking the time derivative of the integration kernel and calculating the numerical integral again, we obtain the velocity of each pointḋ( l). This allows us to make the Hubble diagram presented in Fig 5. The linear fit to the points located further than 5 Mpc gives the value of the Hubble constant H0 = 77.68 km/s/Mpc for the observer at xO, and H0 = 77.42 km/s/Mpc for the observer located at xU . In the considered space-time there are no significant differences in the values of the Hubble constant between the overdense and underdense regions. However, if we demand that the observer should measure the Hubble constant comparable to the real value, we should locate him in another time position. To find the time coordinate t . The blue points are generated for the observer located at the overdensity, while the cyan points are plotted for the observer in the underdensity. The linear fit is depicted by the red line.
procedure of the Hubble diagram construction placing the observer in the overdensity xO at a discrete set of the time coordinate values. In each case, we perform the linear fit to the generated data (d,ḋ) and in effect, we get a discrete set of points in a Hubble parameter H(t) plot. We show them as the blue points in Fig 6. After that, we use the cubic spline interpolation shown as the light blue curve. The resulting value of the universe age for which the H0 = 70.0 km/s/Mpc is t (λ) 0 = 10.25 Gyr. Sometimes it is convenient to use the domain dependent effective Hubble parameter HD, defined as in [42] . We will consider the elementary cell as the domain D. For the selected domain, one can introduce the effective scale factor aD(t) = V 1/3
0 ). Then, by definition HD(t) =ȧD(t)/aD(t). Numerically more efficient is to take the time derivative of the integration kernel of (8), perform the numerical integration again to obtaiṅ VD and calculate the effective Hubble parameter from HD =VD(t)/(3 VD(t)). In Fig. 6 , the resulting HD(t) is plotted by the red dashed curve. One can see that it is consistent with the Hubble parameter H(t) calculated previously. We want to emphasize that we computed both quantities in a straightforward way, directly from the space-time metric.
At the end of this paragraph, we want to analyze the model density at the time t 0 . The maximum density at xO is Ω = 1.22. The minimum density for the observer located at xU is Ω = 0.82. The average over the elementary cell is Ω D = 1.003. It seems that the average density at the time t
0 , in which the observer measures the Hubble constant H0, is close to the EdS model with the same H0 value. Below, we discuss this issue in details.
The EdS as the model average
When one considers the limit λ → 0, the metric tends to the background metric g (0) , which is the EdS spacetime. On the other hand, because we used a quite high amplitude λ = 4/15, the metric g is not close to g (0) . This situation is qualitatively different from the widely used Swiss cheese models, where the space-time regions describing inhomogeneities are glued with the background FLRW model. Here, there are no space-time regions with the FLRW symmetry and the inhomogeneities cover the entire space. It is then interesting that the EdS model is a possible candidate for the model average.
In the FLRW model, one can introduce the parameter
, which is the measure of the curvature of space. In this formula, k is the curvature parameter from the FLRW metric and R is the scalar curvature of the hypersurface of the constant time. In analogy, one can define the averaged curvature parameter at the time t In Fig. 7 we present the time evolution of the model density, while in Fig. 8 we show the time evolution of the Hubble parameter. To be able to compare them with the EdS prediction, both figures were plotted with respect to the time t0, in which the observer measures the value of the Hubble constant H0 = 70.0 km/s/Mpc. As it is seen, there is a perfect agreement between the model behavior and the EdS prediction. Therefore we conclude, that the EdS space-time describes the average density and the average expansion very well. 
The light propagation
The procedure of the angular diameter distance-redshift relation derivation is similar to that in the paper [39] . We will locate the observer in the three different positions: in the overdensity xO = (
), in the underdensity xU = (0, 0, 0) and at some point somewhere in between xM = (0.7, 1.1, 2.1), and in the two time instants t is Ω = 1.067, so it is the point with a slightly higher density than the average.
For each observer position, we generate one hundred random directions k, with a probability distribution uniform on the unit sphere. Since | k| = 1, we choose k 0 so that k µ kµ = 0 at the observer position and k 0 < 0, so the geodesic is past oriented. With the observer position x µ and wave vector k µ as the initial conditions, we solve with the help of the fourth order Runge-Kutta method 
To check the numerical accuracy we generate the reference geodesic, for which we correct | k| in each RungeKutta step to satisfy k µ kµ = 0 exactly. Then we choose so small Runge-Kutta step ∆l = 0.05 so that the difference between the geodesics generated by both methods is negligible.
After we get the resulting geodesic x µ (l), we obtain the redshift along it from the definitions z = (ωem − ω obs )/ω obs and ω = U µ kµ. We assume that the light emitter and the observer are comoving with matter, so their four-velocity is represented by the vector U µ = (1, 0, 0, 0), while k µ (l) is the wave vector along the geodesic.
To derive the angular diameter distance dA along the geodesic we use the Sachs formalism [43] . We construct the Sachs basis (s µ 1 , s µ 2 ) at the observer position. The Sachs basis vectors are orthogonal to each other and orthogonal to the wave vector k µ and the observer fourvelocity U µ respectively. Next, for each of the Sachs basis vector, we solve numerically the equation of the parallel transport along the geodesic. This way, the Sachs basis is defined at each point of the geodesic. Then, to calculate the angular diameter distance along the geodesic we solve with the help of the fourth order Runge-Kutta method the following system of equations. The focusing equation rewritten as the two first order differential equations:
and the Sachs evolution equations for the components of the complex shear σ:
where C αβ γ δ is the Weyl tensor and the scalar expansion rate θ is substituted by θ =ḋA/dA. Here, by the dot we mean the derivative over the affine parameter along the geodesic˙≡ d/dl. The initial conditions at l = 0 are: dA = 10 −6 Mpc,ḋA = 1, σ = 0. For numerical reasons, we start with the dA slightly above zero, so that the expansion scalar is finite at l = 0. As the result of the presented procedure, we obtain the angular diameter distance along each geodesic dA(l). Finally, by using the information about the redshift along the geodesic we get the angular diameter distance as a function of redshift dA(z). At the end, we checked the convergence of the resulting dA(z) with a decreasing Runge-Kutta step.
We present the results in Figures 9 and 10 . In each figure, the set of the blue curves shows the dA(z) for the one hundred geodesics generated for the observer at the overdensity xO, the similar set of the cyan curves correspond to the observer at the underdensity xU while the orange curves refer to the observer at the middle position xM. The red dashed line is the EdS prediction. The plots are prepared for the following values of the amplitude λ ∈ {4/15, 2/15, 1/15} and for the observer located in the two time instants t ∈ {t
On basis of these results we conclude that although the EdS space-time describes well the average properties of the matter distribution and expansion rate of the considered model, the light propagation differs significantly from the EdS prediction. The behavior of the dA(z) depends on the observer position. For the observer located in the point with the local density lower than the average, the resulting dA(z) is lower than the EdS reference curve. If the observer's local density is higher than the [Mpc] Figure 9 : The angular diameter distance-redshift relation dA(z).
The observer is located at the time t average, then the resulting dA(z) is larger than the EdS curve. The deviation from the EdS is the greatest for the observer located in the maximum or the minimum of the density distribution. The greater the amplitude λ, the larger the differences between different curves. If one takes the small amplitude, locates the observer at the time t (EdS) 0 and restricts the metric to the linear order, then the resulting dA(z) tends to the curves we have shown in our previous paper, where we do not observe the position dependence of the results. Another interesting property is the width of the bundle of the dA(z) curves. The bundle of one hundred geodesics generated from the middle position xM characterizes by the larger width in the angular diameter distance-redshift relation than the bundle related to the overdensity or the underdensity. In the positions xO, xU the density distribution is much more symmetrical than in the middle xM. This could indicate that the local neighborhood of the observer plays the crucial role here. To confirm this intuition we plot in Fig. 11 the dA(z) relation for the low redshifts. One can see that the separation between the curves begin around dA ≈ 1 Mpc. For the twenty curves γ(p) = (t (λ) 0 , p sin θ cos φ, p sin θ sin φ, p cos θ), where (θ, φ) are the random directions, the average length from p = 0 to p = π/2 is d = 1.605 Mpc. The same calculation for the curves centered at the overdensity gives d = 1.538 Mpc. Since π is the coordinate size of the elementary cell, in view of these estimations, the value around 1.57 Mpc can be thought as the physical radius of the inhomogeneities at t (λ) 0 . The separation of the dA(z) curves takes place while the light ray passes through the observer neighborhood to the nearest region with a different density.
As we have seen in section 3.3, the space is almost flat. This means that the Ricci term in the focusing equation (12) is very small. Since initial shear is equal to zero, for small distances the right-hand side of the focusing equation is close to zero. Therefore, the angular diameter distance as a function of the affine parameter dA(l) is almost linear there. This suggests that the separation of the dA(z) curves is caused by the local changes of redshift along the geodesics initiated in different environments. To show that, we plot in Fig. 12 the relation between the redshift and the affine parameter along the resulting geodesics. For the local universe dA ≈ l. The separation of the curves around l ≈ 1.5 is then consistent with that in Fig 11 . 0 . Blue -observer in the overdensity xO, cyan -observer in the underdensity xU , orange -the middle position of the observer xM.
In the end, it is instructive to show the emission time of the light as a function of redshift. This relation is plotted in Fig. 13 . For a given redshift the emission time is the same, no matter where the observer is located. This is not surprising since the redshift z is related to the time-like component of the wave vector k 0 . One can connect the emission time tem with the effective scale factor at that time aD(tem). Because the EdS model describes well the average expansion, the effective scale factor expressed as a function of redshift has the same form as in the EdS space-time: 
Conclusions
In the present paper, we constructed perturbatively the approximate model of the inhomogeneous universe for which the dust inhomogeneities are distributed in the infinite, periodic lattice on the Einstein-de Sitter background. This way we extend our previous work beyond the linear perturbation theory so that the larger amplitude of the inhomogeneities is allowed. We analyzed basic properties of the model. We have shown that the Einstein-de Sitter space-time describes well the time evolution of the model average density and the averaged expansion characterized by the Hubble parameter H(t). On the other hand, the light propagation differs significantly from that in the EdS background. The angular diameter distance-redshift relation dA(z) is influenced by the inhomogeneities and depends on the observer's position.
In literature, the position dependence of dA(z) appears in some inhomogeneous models. In some of them, e. g. [44] , the presence of the inhomogeneities could partly mimic the effect of the dark energy driven accelerated expansion. However, as it was pointed out in [45] , the cosmological model which tries to avoid the cosmological constant should explain not only the dA(z) relation but also the variety of the other available observations, in particular, the isotropy of the CMB power spectrum. Nevertheless, if such effects like the strong position dependence of the dA(z) results are present in simple, inhomogeneous models with a reliable matter content, one cannot exclude that they appear also in the real Universe.
The model presented in the current paper has no ambition to describe the real Universe. It should be rather considered as a training model. There are some aspects of this model which should be improved first: (i) In the current model, the amplitude of the inhomogeneities decreases with time. It is reasonable to look for a model with an increasing amplitude of the inhomogeneities with a controlled growth rate. (ii) For the presented model, the approximation to the dust energy-momentum tensor holds for the late times only. It is necessary to construct the model which is valid also for the early universe, to be able to consider the CMB observations. (iii) Some generalizations with a background space-time other than the Einstein-de Sitter will be useful.
Anyway, the presented framework is a step towards the more realistic inhomogeneous cosmological model constructed beyond the linear perturbation theory. We emphasize that the presented solution is not in the widely used Swiss cheese class of models, so it provides new possibilities. We also think that the models which offer the metric explicitly given, as our model does, are important because enable one to calculate the observables directly from the metric without additional simplifying assumptions.
